ABSTRACT. A definition of concave integral is given for real-valued maps and with respect to Dedekind complete Riesz space-valued "capacities". Some comparison results with other integrals are given and some convergence theorems are proved.
Introduction
In the literature, in certain types of studies (for example, in stochastic processes), it would be "natural" to investigate some kinds of "probabilities", which to every event associate not simply a real number, but a real-valued function. Indeed, one can give different valuations of the uncertainty of some event E, depending, for example, on the time, on the "informations" which one can receive about E or about some other events, "related" to E.
In several problems and situations, it is desirable to associate to each event an element of a suitable Riesz space R. As an example, we can consider stochastic integration, when we define the integral of a scalar function with respect to a stochastic measure I X , where X : Ω × R + → L p is a process.
In [2] and [3] we introduced a Choquet-type ("asymmetric") integral for realvalued functions, with respect to finitely additive positive set functions or capacities, with values in a Dedekind complete Riesz space. In [1] we investigated the symmetric (Š i p oš ) integral, pointing out in particular the analogies and differences with respect to the Choquet integral and proving the fundamental theorems. For these integrals in the case of real-valued set functions and a related literature, we refer to [5] and [14] .
In this paper we study the concave integral for real-valued set functions with respect to Riesz space-valued capacities, we compare it with the Choquet integral and give some versions of convergence theorems.
The concave and Choquet integrals
Ò Ø ÓÒ 2.1º A Riesz space R is said to be Dedekind complete if every nonempty subset of R, bounded from above, has supremum in R.
THE CONCAVE INTEGRAL WITH RESPECT TO RIESZ SPACE-VALUED CAPACITIES
Throughout this paper, we always suppose that R is a Dedekind complete Riesz space. We add to R an element, +∞, greater than every element of R and obeying to the usual rules as in the classical setting, and set R := R ∪ {+∞}.
Ò Ø ÓÒ 2.2º A sequence (r n ) n in R is said to be (o)-convergent to r ∈ R, if there exists a sequence (p n ) n in R, with p n ↓ 0 and |r n − r| ≤ p n for all n ∈ N, and we write (o) lim n r n = r.
Given a sequence (r n ) n , set lim sup
It is easy to check that a bounded sequence (r n ) n is (o)-convergent to r if and only if lim sup n r n = lim inf n r n = r (see also [15] ).
Ò Ø ÓÒ 2.3º Let X be any nonempty set, and A ⊂ P(X) be an algebra.
For all A ∈ A let 1 A be the characteristic function of A, that is the function defined on X and which associates to every x ∈ X the real numbers 1 if x ∈ A and 0 if x ∈ A respectively. A set function P : A → R is a capacity if P (∅) = 0, and P (A) ≤ P (B) whenever A, B ∈ A , A ⊂ B; P is said to be submodular if
A finitely additive set function is also said to be a mean.
Let M be the class of all non-negative real-valued measurable functions, defined on X. A functional is any R-valued map, defined on M . The concepts of linear, convex, concave, (positively) homogeneous, additive, sub-and superadditive functional can be given analogously as in the classical case (see also [7] 
We now deal with non-negative measurable functions f and capacities P , and introduce the concave integral.
Ò Ø ÓÒ 2.4º Let f ∈ M and A ∈ A . The concave integral of f with respect to P on A is the entity
where the involved infimum is taken over all concave and positively homogeneous functionals
We say that a non-negative real
The following result holds.
ÈÖÓÔÓ× Ø ÓÒ 2.5º For every A ∈ A we get:
Moreover, the infimum in (2) is a minimum, achieved for H A = W A .
P r o o f. Fix a concave and positively homogeneous functional H
By virtue of (1), H A is superadditive. Thus for any n ∈ N and for every choice of
Taking the supremum, we obtain:
We now turn to the converse inequality. Let g, h ∈ M . Since g, h ≥ 0, we get
and thus
when at least one of these three involved entities is equal to +∞. In the other case, it is enough to take into account that, if
inequality (3) follows from this, taking the suprema. Concavity of W A is a consequence of superadditivity and positive homogeneity. Furthermore, W A (1 E ) ≥ P (E ∩ A) for every E ∈ F . From this we get: 
ÈÖÓÔÓ× Ø ÓÒ 2.6º If
is integrable, and
If f is integrable and A ∈ A , then
P r o o f. The first assertion is an immediate consequence of Proposition 2.5,
We now turn to the last part. By Proposition 2.5 we get
where
n) .
Observe that, if
Indeed, without loss of generality, we can assume that all the λ i 's are strictly positive. If x ∈ A, then (f 1 A )(x) = 0 and a fortiori 1 A i (x) = 0 for each
and the last assertion follows.
We now recall the Choquet integral (monotone integral) defined in [2] . We begin with introducing a Riemann-type integral for maps, defined on a compact interval of the real line and taking values in a Dedekind complete Riesz space.
Ò Ø ÓÒ 2.7º Let a, b ∈ R, a < b, and R be as above. We say that a map 
We say that u is Riemann integrable (or (Ri)-integrable), if its lower integral coincides with its upper integral, and we call the integral of u (and write 
where u A (t) := P ({x ∈ A : f (x) ≥ t}) for all t ∈ R. If f is integrable on A, we denote the element in (2.9.1) by the symbol (C) A f dP .
Remark 2.10º
It is easy to check that the Choquet integral is well-defined, monotone, positively homogeneous, and satisfies the following properties (see also [2] , [4] 
Moreover, it is readily seen that, if f is Choquet integrable on X and A ∈ A , then f and f 1 A are Choquet integrable on every element B ∈ A , and in particular we get
P r o o f. The proof is similar to the one of [4, Proposition (2.4)].
We now compare the concave and Choquet integrals. In general, they do not coincide (see for instance [10] ). However, the following results hold:
ψ ε :=
THE CONCAVE INTEGRAL WITH RESPECT TO RIESZ SPACE-VALUED CAPACITIES
Fix arbitrarily ε > 0. Observe that 0 ≤ f − ψ ε ≤ ε, and hence
(6) From (5) and (6) it follows that
The assertion follows from the arbitrariness of ε > 0.
ÈÖÓÔÓ× Ø ÓÒ 2.13º The concave and Choquet integrals coincide if and only if
the capacity P is supermodular. P r o o f. We begin with the "only if" part.
For all A, B ∈ A we get:
.
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So, P is submodular. We now turn to the "if" part. By Proposition 2.12, it is enough to show only that
Assume that P is a supermodular capacity. Let f ∈ M and ψ :=
where without loss of generality the A k 's, k = 1, . . . , n, are pairwise disjoint and 0 < λ i < λ j whenever i < j; furthermore, let λ 0 := 0. Taking into account Proposition 2.11, we get:
Taking the supremum as ψ varies, we obtain:
From this and Proposition 2.12 it follows that
This concludes the proof.
Convergence theorems
We begin with the following version of the monotone convergence theorem for the concave integral.
is an immediate consequence of the Fatou Lemma 3.2. So, in order to prove the theorem, it is enough to show that X f dP ≥ lim sup n X f n dP.
First of all let us consider the case in which µ is a mean, with µ(X) = P (X). In this case µ is even supermodular, and hence, by Proposition 2.13, the concave and Choquet integrals with respect to µ coincide. Furthermore, since µ ≥ P and P is continuous from below, we have
and hence
whenever A n ↑ X. From (11) and additivity of µ it follows that µ is continuous both from below and from above. From this and [2, Theorems 3.22 and 4.3], it follows that µ satisfies the assertion of the Lebesgue dominated convergence theorems. Now let P be a capacity as in the hypothesis of the theorem, and let µ be any mean with µ ≥ P , µ(X) = P (X) and satisfying (9) . We get: Taking the infimum with respect to µ, by virtue of (9) we obtain (10) . Thus the theorem is completely proved.
